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Assume that FE C’(X, X) is an Axiom A mapping from a nontrivial interval X 
into itself; i.e., F satisfies the conditions: (a) The nonwandering set Q(F) can be 
split up into at most two, but at least one, nonempty positively F-invariant 
compact sets, say B(F) = B,(F) u Q,(F), such that the restriction of F to Q,(F) is 
contracting and the restriction of F to Q,(F) is expanding, (b) The periodic points 
for F are dense in Q(F). Then we have: 
A: The nonwandering set of F decomposes into finitely many positively 
F-invariant sets, and F is one-sided topologically transitive on each of these basic 
sets. 
B: The map F is C’-Q-stable. 
C: There exists a positive integer p such that almost every point in X is 
asymptotically periodic with period p, provided that F(X) is bounded and that F is 
of class C’ +’ for some positive real number CL 
D: The map F is Cl-structurally stable, provided that F satisfies some 
suitable conditions, 
Finally, it will turn out that maps with nonpositive Schwarzian derivative are, 
under reasonable assumptions, Axiom A maps, ‘(: 1988 Academic Press. Inc. 
0. INTRODUCTION 
In the monographs by Collet and Eckmann [2] and Preston [ 191 and 
in the article by Nitecki [ 161 one can find many established results in the 
study of iterations of mappings initiated by Lorenz [ll], May [12], and 
Li and Yorke [lo]. Mostly, in those studies of one-dimensional real map- 
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pings one uses the kneading theory developed by Milnor and Thurston 
[13]; see, e.g., Guckenheimer [4]. 
The condition negative Schwarzian derivative is invariant under com- 
position, see Singer [20], but it is not invariant under conjugation with a 
diffeomorphism, see Misiurewicz [ 143. 
Inspired by Smale’s [21] definition of the Axiom A property for diffeo- 
morphisms, see, e.g., Smale’s paper on differentiable dynamical systems 
[21], we will introduce the Axiom A property for one-dimensional non- 
invertible mappings, see also [ 171. The reader is referred to Section 2 for 
the preliminary definitions and notations. 
We fix a nontrivial interval Xc R. A mapping g E C’(X, X) is called an 
Axiom A mapping if the following conditions are satisfied: (a) the nonwan- 
dering set Q(g) can be split into at most two, but at least one, nonempty 
positively g-invariant compact subsets, say Q(g) = Q,(g) u Q,(g), such 
that g is contracting on Q,(g) provided that Q,(g) is nonempty, and g is 
expanding on 52,(g) provided that Q,(g) is nonempty; (b) the periodic 
points for g are dense in Q(g). 
Let FE C’(X, X) be a fixed Axiom A mapping. We assume that Q,(F) is 
a nonempty set. In this paper, the structure of the nonwandering set Q(F) 
of F, the asymptotic behaviour of the complicated dynamics of F and the 
stability properties of F will be investigated. 
Under Section 3 we will study the structure of the nonwandering set. 
Similar to Smale’s “Spectral decomposition theorem” for the nonwandering 
set of an Axiom A diffeomorphism (see [Zl]) we obtain that the nonwan- 
dering set of F admits a spectral decomposition into finitely many sets. 
More precisely, by Theorem A, we have that the nonwandering set of F can 
be decomposed into finitely many positively F-invariant sets, called basic 
sets, and F is one-sided topologically transitive on each of these basic sets. 
Under Section 4 we will see that the structure of the nonwandering set of 
F is stable; in other words, the structure of Q(F) does not change under 
small C’ perturbations. More precisely: assume that X is open, then, 
by Theorem B, we have that F is Cl-Q-stable, i.e., for any mapping 
gE C’(X, X) which is sufficiently close to Fin the C’ topology it holds that 
the restrictions of the mappings F and g to their nonwandering sets are 
topologically conjugate. 
Under Section 5 we will see that almost every point is asymptotically 
periodic. Assume that F is of class C’ +a for some CI > 0 and that F is non- 
singular. Then we have, by Theorem C, that the set of points whose orbits 
do not converge to an asymptotically stable periodic orbit of F (or to a 
subset of the possible present absorbing boundary of X for F) has Lebesgue 
measure zero. Furthermore, there exists a positive integer p such that 
almost every point in X is asymptotically periodic with period p, provided 
that F(X) is bounded. 
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Under Section 6 we investigate the structural stability of F. We will say 
that F is C2-structurally stable, when for any mapping g E C’(X, X), which 
is sufficiently close to F in the C2-topology, it holds that g and F are 
topologically conjugate. Obviously, when a critical point of F is an even- 
tually periodic point for F, then F cannot be C2-structurally stable. Con- 
sequently, in order to obtain some results in the direction of C2-structural 
stability, we have to restrict our attention to a subclass of the Axiom A 
mappings. In other words, we have to assume stronger conditions on the 
mapping F. 
We assume that X is open. Assume that F is of class C2 for which the 
following conditions hold: (1) F has finitely many critical points, each of 
them is nondegenerate and the critical values are all different; (2) for each 
critical point c of F, the intersection of the set of the forward iterates of c 
with the set of the union of the critical points of F and the nonwandering 
points of F is empty; and (3) the set of points, whose orbits do not 
converge to an asymptotically stable periodic orbit of F (or to a subset of 
the possible present absorbing boundary of X for F), is compact. Then, by 
Theorem D, we have that F is C2-structurally stable. 
Under Section 7 we consider maps with a nonpositive Schwarzian 
derivative. It will turn out that these maps are, under reasonable 
assumptions, Axiom A maps. In particular, the well-studied maps with one 
critical point and negative Schwarzian derivative are Axiom A maps, 
provided that the orbit of the critical point converges to an asymptotically 
stable periodic orbit. More precisely, assume that f E C3(X, X) has a non- 
positive Schwarzian derivative, and that the set A,(f) of points, whose 
orbits do not converge to an asymptotically stable periodic orbit off (or to 
a subset of the possible present absorbing boundary of X for f ), has the 
following properties: ( 1) A r(f) is compact and it is contained in the 
interior of X; (2) A,(f) does not contain critical points off; (3) f is con- 
tracting on the set of asymptotically stable periodic points for f, provided 
that this set is nonempty; and (4) the fixed points off2 are isolated. Then 
we have, by Theorem E, f is an Axiom A mapping. 
By a corollary we obtain that for a chaotic polynomial map f from the 
real line into itself with the properties: (1) the orbit of each critical point 
off converges to an asymptotically stable periodic orbit off or to the 
absorbing boundary; (2) each critical point off is real; (3) f is contracting 
on the set of asymptotically stable periodic points for f; provided that this 
set is nonempty, the map .f is a nonsingular Axiom A map. 
Remarks. There are several published results related to the obtained 
results in this paper. 
(1) The following results are related to Theorem A of this paper. 
Jonker and Rand [9] studied mappings from a compact interval into itself 
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with one critical point. Their main result concerns a canonical decom- 
position of the nonwandering set in terms of the iterated topological 
entropy of the map in question. The proof of this result is based on the 
kneading theory developed by Milnor and Thurston [13]. 
Van Strien [22] obtained for a subclass of the mappings studied by 
Jonker and Rand, namely those mappings with a negative Schwarzian 
derivative that the sets in the decomposition have, except at most one set, a 
hyperbolic structure. 
(2) The following reformulated result due to Guckenheimer [IS], 
Misiurewicz [ 151, and Van Strien [22], see also Collet and Eckman [2] 
and Preston [ 191, is related to Theorem C of this paper. 
Let ,f be a chaotic C3-mapping from a compact interval [a, 61 into itself. 
Assume thatfsatisfies the following conditions: (i)fhas one critical point c 
which is nondegenerate; f is increasing on [a, c] and f‘ is decreasing on 
[c, h]; (ii) ,f(a) =f(h)= a; (iii) f h as a negative Schwarzian derivative; 
(iv)fhas an asymptotically stable periodic orbit; (v)f’(a) > 1. Then the set 
of points, whose orbits do not converge to the asymptotically stable 
periodic orbit, has Lebesgue measure zero. 
(3) If a map f has an invariant measure absolutely continuous with 
respect to Lebesgue measure (see Misiurewicz [ 151 and Jakobson [S]) 
then f is no Axiom A map. 
(4) After this paper was written the author became aware of the 
review of the thesis by Keller [23]. The reviewer noticed that the thesis did 
not refer to Jakobson’s paper [7]. Now we give some of the results of 
Jakobson [7] which are related to the results in this paper. 
Let f: S’ + S’ be a Cl-map from the circle S’ into itself. Assume that f 
satisfies the following conditions: (1) f has a finite (nonzero) number of 
asymptotically stable periodic orbits; (2) the set of critical points off is 
contained in d(f), with d(f) the union of the domains of attraction of the 
asymptotically stable periodic orbits of J’; (3) f is expanding on the com- 
pact invariant set C(f), with X(f) the complement of d(f) in Sr. Then we 
have: (i) the restriction off to Z(f) is topologically conjugate with a one- 
sided shift of finite type; (ii) the map f is Z-stable, i.e., for any E > 0 there 
exists 6 >O such that for every mapping g6 C’(S’, S’) in the 6 
neighbourhood off there exists a homeomorphism cp: Z(f) + Z(g) with 
cp c f = go cp and the conjugating homeomorphism cp is E-close to the 
identity mapping of Z(f) onto itself. 
Note that f is Z-stable implies f is O-stable, but the reverse implication 
does not hold. Let FE C’(X, X) be a chaotic Axiom A map from an inter- 
val X into itself. Using Jakobson’s notation Z(F) for the complement of the 
union of the domains of attraction of the asymptotically stable periodic 
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orbits of F and the absorbing boundary points of X for F, we have: neither 
“F is Z-stable” nor “the restriction of F to Z(F) is topologically conjugate 
to a one-sided shift of finite type” necessarily hold. 
The following result due to Jakobson is related to Theorem D. Let 
f E C2(S1, S’) satisfy conditions (l), (2), and (3) above, and the additional 
conditions (4) the critical points off are nondegenerate and (5) the iterates 
f"(y) and f’(z) of distinct critical points y and z do not coincide for any k 
and 1, and distinct iterates fk(y) and f’(y), k # 1, of the same critical point 
y never coincide. Then f is structurally stable. 
1. EXAMPLES 
1.1. Some Very Simple Examples 
EXAMPLE 1. Let f: [0, l] + [0, l] be given by f(x) = 3.83x( 1 -x). This 
example has already attracted some fame and it is well known that the map 
f has an asymptotically stable periodic orbit with period three. The graph 
off 3 is given in Fig. 1. 
We write 0 =x0 <x1 <x2 < xj < xq < xg = 2831383 <x6 <x, for the 
eight solutions of the equation f 3(x) - x = 0. The set {x1, x3, x,} is an 
asymptotically stable periodic orbit with period three; the set {x,, x4, x6} 
is an unstable periodic orbit with period three. Observing that the Schwar- 
zian derivative off is negative and that f ‘(0) = 3.83 > 1, we obtain from a 
result derived from Singer [20] (see also [ 14, 15, 181): f has precisely one 
asymptotically stable periodic orbit. The direct domain of attraction of the 
asymptotically stable periodic orbit of period three is the union of the inter- 
vals (y2, x2)u (y4, x,)u(x6, y6) with y2 =max{xE(O, x2): f3(x)=x2}, 
FIG. 1. The graph off’, with f(x) = 3.83x( 1 -x). 
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;~e=F~;{x~(x~,x~): f3(x)=xq}, and y, =min{x~(x,, 1): f3(x)=x6}; 
. . 
For illustration, in Fig. 2 we have given the initial part of the orbit of x0 
consisting of the first 120 iterates, with x0 in (0.1, 0.2, 0.3, 0.4). The four 
orbits seem to converge to the asymptotically stable periodic orbit with 
period three. 
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FIG. 2. The initial part {xN}, G NB I20 of an orbit defined by x,,, =fN(xo)=f(xN_,) = 
3.83 .xNmL .(l -x,.-,). (a) x,, =O.l. (b) x0 =0.2. (c) x0 =0.3. (d) x0 =0.4. 
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In Fig. 3 we have given the plots of some iterates of the map f restricted 
to a discrete set consisting of 3000 points. The figure suggests that the 
orbits of many initial values will converge to the asymptotically stable 
periodic orbit of period three; see the three levels in the picture. 
We have: 
* The map f’is an Axiom A mapping. 
* Almost each point in the interval [0, l] (in the sense of Lebesgue 
measure) is asymptotically periodic with period three, see also 
Guckenheimer [S], Misiurewicz [15], and Van Strien [22]. 
* The nonwandering set of .f consists of three basic sets, see also 
Jonker and Rand [9]. 
* The asymptotically periodic behaviour in the complicated 
dynamics off does not change under small smooth perturbations off; the 
same holds for the structure of the nonwandering set. 
* The map f’ is C*-structurally stable. It follows from this that a 
slight variation of the parameter a= 3.83 has no influence on the 
qualitative behaviour of the dynamics. 
EXAMPLE 2. Let a real number a be given with a>4. The mapffrom 
the real line into itself defined byf(x) = a .x3 + (1 -a) .x has the following 
properties: 
* The map f is an Axiom A map. 
* The orbit of almost every point on the real line converges to either 
the absorbing point - cz or to the absorbing point + co. 
* The nonwandering set of ,f consists of one basic set. 
* The map f is Cl+ -persistent for every positive real number a, i.e., 
the qualitative behaviour of the dynamics as well as the structure of the 
nonwandering set does not change under small smooth perturbations off: 
* The map f is C’-structurally stable. 
EXAMPLE 3. Let the map f from the interval [ - 1, l] into itself be 
defined by f(x) = a,, . x3+(1 -a,)..~ with 2<a, <4 such that f has an 
asymptotically stable periodic orbit with smallest period p for which 
(,fp)‘(xP) # - 1 and (fp)‘(x,) # 0, with xP an asymptotically stable periodic 
point for f: If p is odd, then f has two asymptotically stable periodic orbits; 
if p is even, then f has one or f has two asymptotically stable periodic 
orbits, both cases can occur. Then we have: 
* f is an Axiom A map. 
* Almost every point in the interval [ - 1, 1 ] is asymptotically 
periodic with period p. 
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FIG. 3. Plots of the live iteratesf 5x 2 <k < 6, on a discrete set of 3000 points, withy(x) = ,
3.83 x( 1 -x). 
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* The nonwandering set consists of at least four basic sets. 
* The mapfis Cl+’ -persistent, for every positive real number z. 
* The map f is C2-structurally stable. 
In particular, for a3 = 3.701 we have that the Axiom A mapf, which is 
C i +“-persistent and C2-structurally stable, has two asymptotically stable 
periodic orbits with period three. The nonwandering set off consists of live 
basic sets namely the isolated fixed points - 1, + 1, the two asymptotically 
stable periodic orbits and the rest of the nonwandering set. Furthermore, 
almost each point in the interval [ - 1, l] is asymptotically periodic with 
period three; see Fig. 4. 
If one makes plots of some iterates of the map f restricted to a discrete 
set consisting of say 3000 points, then one will distinguish six levels in the 
pictures which represent the two asymptotically stable periodic orbits with 
period three. 
1.2. A More Complicated Example 
We will consider a mappingf from a nontrivial interval into itself having 
several critical points and more than one asymptotically stable periodic 
orbit. Assume that the mapfsatislies the following conditions: 
(1) The map f is a finite-to-one Axiom A mapping. 
(2) Q,,(f), the maximally positively f-invariant subset of the non- 
wandering set of f on which f is a contracting map, consists of an 
asymptotically stable periodic orbit with period 5 and an asymptotically 
stable periodic orbit with period three. 
(3) The asymptotically stable periodic points are ordered as follows: 
u=f5(u)<ff4(u)<z = f3(z)<f(u)<f(z)<f2(z) < f3(4<f2W 
(4) The map f has one absorbing boundary point. 
(5) The critical values off restricted to the set {x: x > U} are in the 
union of the direct domains of attraction of the asymptotically stable 
periodic points for jY 
(6) The graph off is given in Fig. 5. 
We will enumerate the properties of the map f: 
PROPERTY 1. The set of points, whose orbits do not converge to the 
asymptotically stable periodic orbit with period 5, or to the asymptotically 
stable periodic orbit with period 3, or to the absorbing boundary point, has 
Lebesgue measure zero. Furthermore, almost every point is asymptotically 
periodic with period 15. 
Consequently, the set of points, on which the dynamical behaviour off is 
chaotic, has Lebesgue measure zero. Hence, from a theoretical point of 
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FIG. 4. Plots of the six iterates f”, 1 < k < 6, with f(x) = 3.071 .x3 - 2.071 .x. 
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FIG. 5. The graph of the map.6 
view, we can neglect the chaos. The qualitative behaviour of the dynamics 
is stable under small smooth perturbations, because 
PROPERTY 2. The asymptotically dynamical hehaviour of the map f is 
C’ f ‘-persistent with IY > 0. This means that for every map g of class C’ + ’ 
which is close to f, we have: g is an Axiom A map having an asymptotically 
stable periodic orbit with period 5 and an asymptotically stable periodic orbit 
with period 3 for which Property 1 holds. 
Now we will consider the nonwandering set of J: We denote by I,, 
1 < k < 8, eight open intervals for which the following hold, see also Fig. 5: 
(1) Q,(f ), the maximally positively f-invariant subset of the non- 
wandering set off on which f is expanding is included in the union of the 
intervals Zk, 1 < k < 8. 
(2) For each integer k, the intersection of L?,(f) with Z, is nonempty, 
and the intersection of Q,(f) with I, is empty, 1 <k d 8. 
(3) The intersection of the set of critical values of the map f restricted 
to the set {x: x > U} with Zk is empty, for every k, 1 <k < 8. 
We write C for the union of the intervals Z,, 1 <k d 8, and we assume 
that these eight intervals are ordered as indicated in Fig. 5. The matrix 
A c;,f, i.e., the matrix associated with the pair (C; f ), is defined by 
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~I~;~(i,j)=number of components of the setf ‘(Z,)nZ,, 1 <i, j<8. Then 
we obtain: 
13000020 
11000110 
11003010 
01003010 
A 
c,‘= 0 0 1 0 3 0 1 0 . 
00114010 
00114001 
-0 0 0 0 0 0 0 l- 
The set fP’(C)nC consists of C:=,c,“=, A,.;,(i,j)=41 components. 
Consequently, the matrix A,;,, associated with the pair (D; f), is a 41 x 41 
matrix with entries either zero or one, with D = ,f-‘(C) n C. Under Sec- 
tion 3 we work with such a large matrix. For this “concrete” example, the 
union C, of the points belonging to a set of open intervals covering Q,(f) 
can be chosen more suitable. 
We denote by V,, 1 < k d 14, open intervals such that (1) Q,(f) c 
lJy= 1 V, c Ui= r Zk; (2) the restriction off to V, to its image f( Vk) is a 
homeomorphism, 1 6 k < 14. Then the (i, j) th entry of the matrix that is 
associated with the pair (C,, f) equals the number of components of 
f ‘(Vi) n V,, 1 < i, j < 14, which is either one or zero. For the transpose A 
of this matrix we obtain 
A= 
11111000000000 
1.0 0 0 0 0 0 0 0 0 0 0 0 0 
10000000000000 
11111100000000 
00000011111110 
00000000001110 
00000000001110 
00001111111110 
00001111111110 
00001111111110 
01110000000000 
10000000000000 
11111111111000 
00000000000111 
Note that A(i, j) = 1 if f( V,) contains V, , and A( i, j) = 0 if the inter- 
section off ( V,) with V, is empty, 1 < i, j < 14. 
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The subset Q,(f) of the nonwandering set can be split into two closed, 
disjoint, irreducible positively f-invariant sets, namely Q,(f) n [u, f’(u)] 
and an isolated unstable fixed point. Hence the nonwandering set of f 
decomposes into: (1) an asymptotically stable periodic orbit with period 5; 
(2) an asymptotically stable periodic orbit with period 3; (3) an isolated 
unstable fixed point; and (4) Q,(f) except for the unstable fixed point 
which is an isolated one. In other words, we have 
PR~PERTV 3. There exists a unique way of writing the nonwandering 
set Q(f) as the union of four closed, disjoint, indecomposahle, positively 
f-invariant sets, on each of which f is one-sided topologically transitive (i.e., 
f has a dense orbit). 
We also have that the structure of the nonwandering set off does not 
change under small smooth perturbations, hence 
PROPERTY 4. The structure of the nonwandering set off is C’-persistent. 
This means that for each Cl-map g which is close to J the restrictions of 
these maps to their nonwandering sets are topologically conjugate. 
We will conclude this section by making some remarks: 
(1) The map f is C*-structurally stable, provided that f satisfies some 
suitable, but reasonable, conditions. 
(2) The Schwarzian derivative off is not nonpositive. 
(3) If one would make plots of the iterates of the map f restricted 
to a discrete set consisting of say 3000 points, then eventually one can 
distinguish eight levels in the pictures, namely live levels will represent the 
asymptotically stable periodic orbit with period 5, and three levels will 
represent the asymptotically stable periodic orbit with period 3. 
1.3. Concluding Remark 
Let f be an Axiom A map from a bounded nontrivial compact interval 
into itself. Then we know that there are finitely many asymptotically stable 
periodic orbits attracting the orbit of almost every initial value. Generally 
speaking, in order to see the finitely many levels in the plots of the iterates 
of the map f restricted to some discrete set, which represent all the 
asymptotically stable periodic points off, one has to consider a higher 
iterate than the 30th iterate. 
For illustration, we consider three parameter values of the prototype of 
the one-parameter families of one-dimensional maps with one critical point. 
The three chosen maps in the quadratic family all have the property that 
almost every point in the unit interval is asymptotically periodic with 
period 5 (see the Fig. 6, 7, and 8). Notice the difference! 
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FIG. 6. Plots of the five iteratesf 5k, 2 <k < 6, on a discrete set of 3000 points, withy(x) = 
3.739 .x(1-x), 
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FIG. 7. Plots of the five iterates.f 5k, 2 Q k < 6, on a discrete set of 3000 points, withy(x) = 
3.9058 .x(1--x). 
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FIG. 8. Plots of the live iteratesf 5*, 2 G k < 6, on a discrete set of 3000 points, withf(x) = 
3.99027 .x( 1 - x). 
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2. PRELIMINARIES 
2.1. Preliminary Definitions and Notations 
Throughout the paper Xc [w will be a nontrivial interval. Let E and G be 
nonempty subsets of X such that E c G. We write Cl(G) for the closure of 
G, Bd(G) for the boundary of G, and Int(G) for the interior of G. We 
denote the complement of E in G by G\E. 
Let f: X-r X be a differentiable (noninvertible) mapping. For any 
positive integer n, the n th iterate off, denoted by f”, is inductively defined 
by f” = f 0 f” ~ ‘, with f” as the identity mapping. For any point x E X the 
orbit of x under f is the set { f”( ) x ; nE N u (0)). The set f”(E) is defined 
by f”(E) = If”(x); XE E}, and f-“(E) is defined by f-“(E)= {VEX; 
~“(x)E E} for each no N u (0). 
The set E is called positively f-invariant if f (E) c E; E is called negatively 
f-invariant if f ‘(E) c E. We denote the Lebesgue measure of E, when E is 
a Lebesgue measurable set, by p(E). The set E is a component of G if it is a 
maximally connected subset of G. Assuming that E is a component of G, 
then E is called trivial when ,u(E) = 0, i.e., E consists of one point. 
A point x E X is called a periodic point for f with period p if f"(x) = x for 
some p E N. A periodic point x for f with period p is called asymptotically 
stable if there exists an open neighbourhood U(x) of x in X such 
that lim, _ ~ f”(y) = x for every YE U(x). A point XE X is called an 
asymptotically periodic point for f if lim, _ 2 f”“(x) exists for some m E N; a 
point XE X is called an aperiodic point for f if it is not asymptotically 
periodic. A point x E X is called a nonwandering point for f, if for every 
neighbourhood U of x there exists n E N such that f”( U) n U # 0. A point 
x E X is called a critical point for f iff’(x) = 0. 
Let q E X be an asymptotically stable periodic point for f with primitive 
(i.e., the smallest) period p. The domain of attraction of q is the set of points 
{xEX; lim,,, f”(x) =q}. Th e d irect domain of attraction of q, is the 
component of the domain of attraction of q containing q. 
A point x, x 4 X, is called an absorbing boundary point of X for f with 
period p, if there exists an open set U c X such that lim, _ 5 fpk( y) = x for 
all y E U. Assume that q E Bd(X) is an absorbing boundary point of X for f 
with primitive period p. The set { y E X; lim, _ 7; fp"( y) = q} is called the 
domain of attraction of q. The component of the domain of attraction of q 
containing q as a boundary point, is called the direct domain of attraction 
of q. 
Let Y c X be a closed positively f-invariant set. The map f is called 
expanding on Y if there exist constants c > 0 and K > 1 such that 
1 (f”)’ (x)1 2 cK” for all x E Y, for each n E N; the map f is called contracting 
on Y if there exist constants c > 0 and 0 < K < 1 such that I(f”)’ (x)1 5 cK” 
for all x E Y, for each n E N. 
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The map f is called chaotic if there exists at least one aperiodic point. 
The map f is called nonsingular if p(E) = 0 implies ~(f- r(E)) = 0 with E 
measurable subset of X. 
We write the symbol L. for disjoint union, and we write the symbol 1 to 
indicate the end of a proof. Finally, we write 
Per(f): the set of periodic points forf: 
Crit(f): the set of critical points forf: 
Q(f): the set of nonwandering points forf: 
p(q): primitive period of q, with qE Per(f) u absorbing boundary 
points of X for F. 
2.2. One-Sided Symbolic Dynamics: Basic Facts 
Let S be a set of N symbols with the discrete topology for some integer 
N 2 2. Let X, be the set of one-sided sequences, defined by X, = ( {x~};=~; 
x, ES for each HE kJ u {O}}. W e assume that X, is equipped with 
the metric d, given by d({x,},“=,, { y},“=o)=C;==o~(~n, y,)/2” with 
P(.x~, y,) = 1 if x, # y, and p(xn, y,)=O if x, = y,, and the product 
topology. Then X, is a compact metric space. 
The one-sided shift cr is the transformation a: X, +X, defined by 
a({xn>FEo)= Ix,,, f;==,. The pair (X,, ) a IS called a one-sided symbolic 
dynamical system. 
Let A be an N x N matrix, whose entries are either zero or one. The 
space of admissible one-sided sequences Z:, is given by C, = { (x,,}~=~ E X,; 
,4(x,,, x,*+,)= 1 for each nE N u (0)). The space C, is compact and 
a(C,) c Z,. The matrix A which determines the space C, is called a 
transition matrix. The shift aA, which is the restriction of a to Z,, is called 
a one-sided shift of finite type. 
We denote by Per(a,) the set of periodic points for aA, and we denote 
by Q(a,) the set of nonwandering points for aA. Then Per(a,)= 
{{x~};=~EZ~; a~({xn}~~o)={~n}~~O for some mEN} and Q(a,)= 
{ {x~}>=~ EC, ; for each neighbourhood U of {xn},?& in C, there exists 
m E N such that a;(U) n U # a}. 
The matrix A is called irreducibfe if for every pair (i, j) there exists m E N 
such that A”(& j) > 0, 1 5 i, i 5 N; the matrix A is called primitive if there 
exists m E N such that A”(i, j) > 0 for each pair (i, j), 1 =< i, j 5 N. 
We will assume that A is written in the normalform: A,, 0 .0 
A 2, A,,“...., : i 1 . A= ; ‘k,,” 0 A,, . . .‘::A,, (2-l) 
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where each block A,, is an N, x N, matrix which is either irreducible or a 
1 x 1 null matrix, 1 5 i 5 s and C.;=, Nj = N for some integer S, 1 5 s 5 N. 
This assumption is not any restriction since for any square matrix B there 
exists a permutation matrix P such that PBP7- has the normal form (see, 
e.g., Berman and Plemmons [ 1 I). 
For our purposes we need the following definitions. Let f‘ be a con- 
tinuous mapping from a compact metric space Y into itself. The map .f is 
called one-sided topologically transitive if there exists some point x E Y with 
the property that the orbit of .Y under f is dense in Y; the map f is called 
one-sided topologicallJ> mixing if for any two open sets U and V in Y there 
exists ME N such that ,f”( U) n V # @ for every n E N with n 2 M. 
The proofs of the following lemmas are left to the reader. 
2-2. LEMMA. The one-sided shifi oA is locally a homeomorphism. 
2-3. LEMMA. (i) eA is one-sided topologicalll, transitive o A is irre- 
ducible. 
(ii) D,., is one-sided topologicallwv mixing o A is primitive. 
2-4. LEMMA. Cl(Per(o,,,)) = Q(a,,,) = 2-,,,, a,(Q(o,,,)) = Q(a,,J 1 5 
ils andQ(a,)=Uf=,Q(a,,,) with sZ(cr,,,)=@ [fundonly ifA,, is a 1 xl - 
null matrix. 
2-5. LEMMA. For each {x, I:= O E Z, there exists a positive integer M so 
that ~$‘({dL,bQkJ 
3. STRUCTURE OF THE NONWANDERING SET 
For clarity of exposition we recall Smale’s Axiom A property for 
diffeomorphisms [21]: Let A4 be a compact manifold and let g: A4 + M be 
a diffeomorphism. The mapping g satisfies the Axiom A property if the 
following conditions are satisfied: (a) the nonwandering set Q(g) is hyper- 
bolic; (b) the periodic points of g are dense in Q(g). 
For a mapping g E C’(X, X) the set of periodic points for g and the non- 
wandering set of g are positively g-invariant sets, but they are not 
necessarily negatively g-invariant sets. Now we will formulate the Axiom A 
property for mappings from an interval into itself, as introduced in [17]. 
3- 1. DEFINITION. A mapping g E C ‘(X, X) is called an Axiom A mapping 
if the following conditions are satisfied: (a) the nonwandering set Q(g) can 
be split up into at most two, but at least one, nonempty positively 
g-invariant compact subsets, say Q(g) = Q,(g) u Q,(g), such that g is 
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contracting on Q,(g) provided that Q,(g) is nonempty, and g is expanding 
on G?,(g) provided that Q,(g) is nonempty; (b) the periodic points for g 
are dense in Q(g). 
Similar to what Smale did for the Axiom A diffeomorphisms, we can 
state the “Spectral Decomposition Theorem” for Axiom A mappings. 
THEOREM A. Let F be an Axiom A mapping from a nontrivial interval 
into itself: The nonwandering set of F can be decomposed into finitely many 
positively F-invariant sets, called basic sets, and F is one-sided topologically 
transitive on each qf these basic sets. 
Before we proceed to give the proof of the theorem, we will present some 
properties of Axiom A mappings. From now on let FE C ‘(X, X) be a fixed 
Axiom A mapping, and we assume that Q,(F) is nonempty. 
3-2. PROPOSITION. Q,(F) equals the set of asymptotically stable periodic 
points for F, and this set consists of finitely many elements. 
Proof It is obvious that the set of asymptotically stable periodic points 
for F is contained in sZ,( f ). Now we have to show the reverse inclusion. If 
Q,(F) = @, then F has no asymptotically stable periodic points. So we 
assume from now on that Q,(F) # /zr. 
Let x be any point in Q,(F). From condition (b) we obtain that x is a 
limit point of a sequence of asymptotically stable periodic points for F. If x 
is an asymptotically stable periodic point for F, then we are done. 
Suppose that x is not an asymptotically stable periodic point for F. Let 
{xk}Fz, be a sequence of asymptotically stable periodic points for F with 
lim k-r xk =x. Without any restriction we may assume that the sequence 
( xk } F= r is monononically increasing. 
For each k E N, choose yk from the boundary of the direct domain of 
attraction of the asymptotically stable periodic point xk, such that y, is a 
periodic point for F. Observe that the sequence { ykJrz, is a sequence of 
unstable periodic points for F. We have lim,, oc y, =x and we get 
x E Q,(F). So x E Q,(F) n Q,(F) and this result contradicts condition (a). 
Consequently, we have that x is an asymptotically stable periodic point for 
F. We conclude that Q,(F) is equal to the set of asymptotically stable 
periodic points for F. 
Finally, O,(F) is finite, because it equals the discrete set of 
asymptotically stable periodic points for F and it is assumed to be com- 
pact. 1 
3-3. COROLLARY. The number p, the smallest common multiple of the 
periods p(q) of q E Q,(F) v absorbing boundary point(s) of X for F, is well 
defined. 
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We define: D, is the union of the direct domains of attraction of all the 
asymptotically stable periodic points for F and the absorbing boundary 
points of X for F. A, = X, A, = A,\D,; by induction, for each k E N, 
- (xEA,; Fk(x)eA,} and Dk = {xEA,; Fk(x)eD,,}. Furthermore, 
tz(&= r)~+ A,. 
3-4. PROPERTY. ForanynEN andanykENu(O} wehave: 
(i) Ak=Ak+, uD,, &=Ak+l uL$=,D, 
(ii) F”(Ak+.)=Ak nF(X), F”(D,+“)=D, nF(X). 
Proof (i) follows from Lemma 4-3 in [18] and (ii) follows from 
Lemma 4-4 in [18]. 1 
We will restrict our attention to the components of A, containing non- 
wandering points of F, k E N u (0). Therefore we define d, = {x E U; U 
component of A,, UnQ,(F)#@}, kENu(O}. 
3-5. LEMMA. There exist positive integers L and M such that 
I(fL)’ (x)1 > 1 for each XEA,. 
Proof Let C > 0 and K> 1 be constants, such that I(F”)’ (x)1 2 C. K” 
for all x E Q,(F), for every n E N. Choose L E N minimally, such that 
C. KL > 1. We denote by U, an open neighbourhood of Q,(F) with 
I(FL)’ (x)1 > 1 for all XE U,. Choose MEN minimally with A,,,, E U,, 
which exists because the d, form a decreasing sequence of compact sets. 1 
Let D,* c D, be a closed set in X with the following properties: 
(1) Dn D,* # @ for each component D of D,; (2) Q,(F) c Int(D,*), the 
absorbing boundary of X for F is in Bd(D,*); (3) F(D,*)cInt(D,*); (4) if 
x E Crit(F) satisfies F”(x) ED, for some n E N u {0}, then F”(x) E int(D,*); 
(5) the number of components of the set D,* is equal to the number of 
components of the set D,. 
We define for each nonnegative integer k the sets B, = {x E Ur=, Dj; 
Fk(x) E D,*}, C, = { XE U; U component of X\B,, UnQ,(F)#@}. From 
the definition of C,, k E N u {0}, we obtain by applying 3-5 the following 
results. 
3-6. PROPERTY. The number m, m = min(nE N u (0); Crit(F)n 
C, = @ ), is well defined. 
3-7. LEMMA. Let m be as in 3-6. Then we have: 
(i) C, is open in X; 
(ii) the restriction of F to C, is locally a homeomorphism; 
(iii) C, has finitely many components. 
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Proof Assume that the integer m is selected as in 3-6. 
(i) The set B, is closed in X, hence the set X\B, is open in X. Since 
the components of the set C, are contained in a subset of the set of 
components of the set X\B,, we obtain that C, is open in X; 
(ii) From 3-6 we know that Crit(F) n C, = 0. Consequently, the 
restriction of F to C, is locally a homeomorphism. 
(iii) We denote by Y the smallest compact (nontrivial) interval in X 
such that Q,(F) c Y. If Crit(F) n Y = 0, then we are done. We assume that 
Crit(F) n Y # 0. The union of the components of the set U { Di; 0 5 i 5 m} 
and {D; D component of X\(B, u C,,)} is an open cover of Crit(F) n Y. 
We write U = {D; D component of lJy=“=, D, or D component of 
X\(B,, u C,), D n Crit(F) n Y # 0). The set U consists of finitely many 
elements ince Crit(F) n Y is a nonempty compact set. We denote by N(U) 
the number of components of U. 
Recall that D, has finitely many components, hence C, has finitely many 
components. From above we know that F is a monotone mapping of the 
components of the set {XE Y; x $ D for each element D of U}. Using 
F(C,+ 1) c C, for every n E N u {O}, one obtains that (N(U) + 2)” N(C,), 
with N(C,) the number of components of C,, is an upper bound for the 
number of components of the set C,. 1 
From now on we write C for C,, with m as in 3-6. We can associate a 
matrix to the pair (C; F) of which the (i, j) th entry is the number of com- 
ponents of the set F ~ ‘(Zi) n I,, where I, and Z, are components of C. We 
denote this matrix by AC.. Observe that the entries of ACiF are either zero 
or one. 
We denote by N the number of disjoint components of the set C. Further 
we set C= U {I,; 1 5 k 5 N}, and we write A for the transpose of A,;,. 
Then the matrix A is given by 
if F(Zi) 1 Zj. 
otherwise ’ 
lsi, j5N. (3-8) 
We select for the set of symbols S the intervals Zk, 1 2 k 5 N, hence S = 
(I, ; 15 k 5 N}. We define X,, z,, and a, as under Section 2.2. We assume 
that A is written in the normal form 2-1. Further we write af for the 
restriction of aA to sZ(a,). Now we will show that the restriction of F to 
Q,(F) is topologically conjugate with a:. 
3-9. LEMMA. There exists a homeomorphism 4: Q,(F) -+ Q(a,) such that 
@oFI R,(F) = 02; 0 4. 
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Proof Define 4: Q,(F) -+ SZ(a,) by d(x) = {x,,);=~ where the sequence 
(x,}~=~ is determined by F”(x)EI,~ for every HE N u {O}. 
By construction the mapping 4 is surjective. From the expanding 
property of F on QJF), we have 4 is an injective mapping. 
Let x E Q,(F) be fixed. Assume that E is an arbitrarily given positive 
number. Choose Q E N such that C,“= p l/2” < E. We set B, for the com- 
ponent of FpQ( C) containing x. For all y E B, we have d(d(x), d(y)) = 
C,“= Q p(x,, y,)/2” < E. The conclusion now is that 0 is continuous. 
Recalling that Q,(F) and n(a, ) are compact metric spaces, we conclude 
that 4 is a homeomorphism, because Q is bijective and continuous, see, e.g., 
Gleason [3, p. 2711. 
Further we have 4 c F(x) = {x n+,};;C=o=aA*({~n}~==o)=a~~~(~) for all 
x E Q,(F). We conclude: 4 is a homeomorphism and 4 0 FI R,(Fj = a: 0 q5. 1 
Proof of Theorem A. Applying 2-1, 2-2, 2-3, 2-4, 2-5, 3-8, and 3-9 we 
obtain a decomposition of Q,(F). The decomposition of Q,(F), provided 
Q,(F) is not empty, is trivial, because Q,(F) consists of a finite union of 
asymptotically stable periodic orbits. m 
Remark. The assumption that Q,(F) is nonempty is no restriction, 
because the decomposition is trivial for an empty set. 
4. C'-R-STABILITY 
For mapping g E C’(X, X) we define: D,(g) is the union of the direct 
domains of attraction of all the asymptotically stable periodic points for g 
and the absorbing boundary points of X for g, A,(g) = X, A,(g) = 
A,(g)\D,( g); by induction for each positive integer k, Ak+ ,(g) = 
{x~A~(g);g~(x)~A,(g)}andD,={x~A~(g);g~(x)~D~(g)}.Furtherwe 
define A,(g) = fXzo A,(g). 
4-l. DEFINITION. Two mappings g, h E C ‘(X, X) are called topologicalfy 
l&conjugate if there exists a homeomorphism 4: sZ(g) -+ Q(h) such that 
4081 a(g) = hlq,, 04. 
4-2. DEFINITION. A mapping g E C’(X, X) is called C’-Q-stable, if there 
exists an open neighbourhood U of g in C’(X, X) such that h and g are 
topologically Q-conjugate for all h in U. 
THEOREM B. Let F be an Axiom A mapping from an open interval into 
itself: Then F is C ‘-Q-stable. 
Proof: Let X be an open interval. Assume that FE C’(X, X) is an 
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Axiom A mapping. Let the open set C and the matrix A be defined as 
under Section 3. 
Let Y c X be a compact interval such that Q(F) c Int( Y). For any E > 0 
we define: 
UAE)' {SEC'K 9; [SUP IF(x)- g(x)l+sup IF'(x)- g'(x)1 I<&). 
‘E Y YE Y 
Choose E, > 0 such that gg U,(E,) implies that the matrix which can be 
associated to the pair (C; g) is equal to the transpose of A. 
Choose Ed, 0-c~~ SE,, such that gE U,(E,) implies that g is an 
expanding map on 52(g) n A 3c (g). 
Choose Ed, O<E~ SET, such that the number of asymptotically stable 
periodic points for g is equal to the number of asymptotically stable 
periodic points for F, for every mapping ge UF(~3). 
Let a mapping gE UF(~3) be given. We set Q(F)= Q,(F)uSZ,(F) and 
Q(g) = Q,(g) u Q,(g). Evidently, there exists a homeomorphism 4, : 
QAF) -+ Q,(g) with 4, ~f’I~o~F, = glnocg, 06, provided that Q,(F) # 0. 
Let (C,, cA) be the one-sided symbolic dynamical system defined under 
Section 2.2. Applying 3-9 we obtain: there exist homeomorphisms tiI;: 
Q,,(F) -+ WC,) and II/,: QAg) -+ Q(o,) such that the following diagram 
commutes: 
We denote by & the homeomorphism $; ’ 0 tjF. We define 4: Q(F) + Q(g) 
by d(x)= d,(x) if XESZ,(F) and d(x)= 4z(x) if XEQ,(F). Now we have: 
Since g was given arbitrarily, we conclude that F is Cl-Q-stable. 1 
5. ASYMPTOTICALLY PERIODIC BEHAVIOUR 
In [ 183 we proved the following result: let f be a mapping in 
C’ ‘“(X, X), with CI any fixed positive real number with the properties: (1) 
the set of asymptotically stable periodic points for f is compact (an empty 
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set is allowed); (2) A,(f) is a nonempty compact set and f is expanding on 
A,(f), with A,(f) as under Section 4. Then the set A,(f) has Lebesgue 
measure zero; furthermore there exists a positive integer p such that almost 
every point in X is asymptotically periodic with period p, provided that 
f(X) is bounded. 
Under this section we will prove a similar result for nonsingular 
Axiom A mappings. 
THEOREM C. Let F he a nonsingular Axiom A mapping from a nontrivial 
interval into itself of class C’ + ’ for some positive real number a. Then we 
have: 
The set of points, whose orbits do not converge to an asymptotically stable 
periodic orbit of F (or to a subset of the possible present absorbing boundary 
of the interval), has Lebesgue measure zero. 
Furthermore, there exists a positive integer p such that almost every point 
in the interval is asymptotically periodic with period p, provided that F(X) is 
bounded. 
We will prove the theorem in several steps. Let FE C’(X, X) be a non- 
singular Axiom A mapping. Define for each k E N u (0) the set A, and D, 
as under Section 3. Put the integers p as in 3-3, A4 as in 3-5, and m as in 
3-6. Recall that A,,,, = (x E U; U component of A,,,, Un Q,(F) # @}. 
We define for each integer k, k 2 M, the sets At* and Dz* by A$* = 
A, nA, and D,**=D, nk,, and further we define AZ*(F) = 
A ,(F) n A,. Obviously, AM = AZ: 1 u Uf= M D,** for every integer k, 
k 2 M. We assume that AM c Int(X). 
5-1. LEMMA. For any integer n, n 1 M, there exist nonnegative integers 
N(D,**), N(A,**), and T(A,**) such that the set D,** consists of N(D,**) 
components and the set A,** consists of the union of N(A,**) nontrivial 
components and T(A,**) trivial components (points). 
Proof. Let n, n 2 M, be any fixed integer. From 3-4, 3-5, 3-6, 3-1, and 
3-8 it follows that M 2 m, the number of components of A ,,,, is bounded 
from above by the sum of the entries of the matrix AM-“’ times the number 
of components of the set C,; and the number given by the sum of the 
entries of the matrix A”- M times the number of components of the set d M, 
is equal to the number of components of the set A,**. Consequently, the set 
D** has finitely many components. 1 n 
According to 5-l we write for each integer n, n 2 M: 
N(D**) 
(j D,r,*; A,** = 
N(A:* 
D** = 
n ;‘i, A,$* u WA,**) 
i=l 
with @‘(A,**) the set consisting of T(A,**) points of A,**. 
(5-2) 
QUALITATIVE ANALYSIS OF AXIOM A MAPS 99 
We observe that if A,** = W(A,**) for some n, then the Lebesgue 
measure of A$*(F) is zero. Consequently, the set A,(P) has Lebesgue 
measure zero. From now on we assume that Int(A,**) # @ for every 
n2M. - 
5-3. LEMMA. For each n E N, n 2 M, and for each component A of A,** 
there exists an integer j, 0 5 j 5 2p and a component D of Ox,* j such that 
D c A. 
Proof Similar to the proof of 5-4 in [lS]. 1 
5-4. LEMMA. Assume that FE C’ + ‘( X, X) for some c( > 0. Then we can 
find a number E > 0 such that for each integer n, n 1 M, for each nontrivial 
component A of A,* * and any component D of D,** satisfying D c A, we 
have u(D)/u(A) 2 E. 
Proof: Similar to the proof of 5-5 in [18]. 1 
5-5. LEMMA. Assume that FE C ’ +‘( X, X) for some c1> 0. Then 
lim, + cc ,u(A,**)=O. 
Proof. Similar to the proof of 5-6 in [ 181. 1 
Proof of Theorem C. Let F be as in the theorem. Recall that 
!2 (F)c A,** for each nE N. By 5-5 and the assumption that F is 
n&singular, we have u(F-“(Q,(F))) = 0 for each n E N u (0). Since 
A,(F) = UFEO F-“(Q,(F)) we obtain: u(A,(F)) = u(U:zO F-“(R,(F))) = 
U,“=,, AF-“(fJ,(F))) = 0. 
Let p be as in 3-3. It follows from above that almost every point is 
asymptotically periodic with period p, provided that F(X) is bounded. 1 
Remark. Applying Theorem B and Theorem C we have that an 
Axiom A mapping is Cl+’ -persistent, i.e., the qualitative behaviour of the 
dynamics does not change under C ’ + a -perturbations, with c1 a positive real 
number. 
6. C2-STRUCTURAL STABILITY 
For any mapping g E C’(X, X) we define the sets Ak( g) and Dk( g) for 
ke N u (0) and the set A,(g) as under Section 4. 
6-l. DEFINITION. A mapping gE C’(X, X) is called C2-structurally 
stable if there exists an open neighbourhood U of g in C*(X, X) such that 
each mapping h in U is topologically conjugate with g. 
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It is obvious that there exists Axiom A mappings of class C* which are 
not C*-structurally stable. For example, assume that FE C*(X, X) is an 
Axiom A mapping such that at least one of the critical points of F is 
periodic; then F is not C*-structurally stable. We will consider a subset of 
the class of Axiom A mappings satisfying “reasonable” conditions. It will 
turn out that these mappings are C*-structurally stable. 
THEOREM D. Let F be an Axiom A mapping, of class C*, from an open 
interval into itself: Assume that F has the following properties: 
(i) F has L critical points for some fixed positive integer L; 
(ii) Each critical point of F is nondegenerate and the critical values 
are all different; 
(iii) For each critical point c of F, the intersection of the set consisting 
of the forward iterates of c with the set consisting of the union of the critical 
points of F and the nonwandering points of F, is empty; or putting it in 
another way: {F”(c); nE kJ} n (Crit(F) uQ(F)) = 0; 
(iv) The set of points, whose orbits do not converge to an 
asymptotically stable periodic orbit F or to an absorbing boundary point of X 
for F, is compact. 
Then we have: F is C*-structurally stable. 
Proof. Let X and F be as in the theorem. Define the sets Bk, 
k E N u {0}, as under Section 3. Select the integer m defined by m = 
min{nE fV u (0); Crit(F) c B,}. We write C= X\B,. Note that the set C 
contains A z (F). 
The set C is open in X, F ‘(C) c C, the restriction of F to C is locally a 
homeomorphism, and C consists of finitely many, say N, components. 
Accordingly, we write C = U,“= , Ik. To the pair (C; F) we can associate a 
matrix A,;, defined by A,,,(& j) = number of components of F-‘(I,) n I,, 
1 5 i, j 5 N. We denote by A the transpose of Ae;,; note that the entries of 
A are either zero or one. 
Let Y be a compact interval in X such that (A,(F) u QJF)) c Int( Y). 
Further we assume that F has N, asymptotically stable periodic points for 
some N, EN u (0). 
We set {ci(F); c,(F)~C2rit(F)uQ,(F), 1 sisL+N,j and we assume 
that ci(F) < ci+ ,(F), 1 2 is L + N1 - 1; i.e., we order the set consisting of 
the union of the critical points of F and the asymptotically stable periodic 
points for F in a natural manner. 
Let {d,(F); 1 5 k 2 L + N, } denote the image of the set Crit(F) u 52,(F) 
under the mapping F. Assume that this set is ordered in the usual way 
dk(F)<dk+,(F), 1 _IksL+N1 - 1. 
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For each E > 0 we define the neighbourhood UF(s) of F in C2(X, X) by: 
UF(&)= gd’(X,X); i sup{IF”‘(x)-g”‘(x)l;xE Y> <E . 
i=l 1 I 
Assume that E, > 0 such that g E UF(sl) implies that (1) the matrix which 
can be associated to the pair (C; g) equals the transpose of A, and (2) g is 
an expanding map on Q,(g) = Q(g) n A a(g). 
Assume that s2, 0 < a2 5 E, has been chosen such that g E UF(s2) implies 
that (1) the cardinality of sZ,( g) equals N,, (2) the cardinality of Crit( g) 
equals L, and (3) Q,(g) n Crit( g) = @, where Q,(g) = Q( g)\Q,( g). 
We write {c,(g); c,(g) E Crit( g) u Q,(g), 1 5 i 5 L + N, } and we assume 
that c;(g)<c,+,(g), 1 SiSL+NN, - 1. Further we set {d,Jg); 1 Sk5 
L + N, } for the image of the set Crit(g) u Q,(g) under the mapping g, and 
we assume that d,(g) < dk+ ,(g), 1 5 k 5 L + N, - 1. 
Let &3, O<Ej iE2, be such that g E UF(s3) implies that (1) there exist 
constants y>O and O<v<l with I(g”)‘(c,(g))l5yr]” for every n~k4, 
F’(c, (F)) = 0 implies g’(c,( g)) = 0 and F’(cJ F)) # 0 implies that sign 
(F’(c,(F))) = sign(g’(c,(g))) for all i, 1 5 i 5 L + N, ; i.e., g is a contracting 
mapping on Q,(g) and the ordering of the set Crit( g) u Q,(g) is similar to 
the ordering of the set Crit(F) u Q,(F); (2) F(ci( F)) = d,(F) implies that 
g(d,(g)) = dk(g) for all i, k, 1 5 i, k 5 L + N, ; i.e., the ordering of the image 
of the set Crit(g) u Q,(g) under g is similar to the ordening of the set 
Crit(F) u O,(F) under F; and (3) g”(x) # 0 for all x E Crit(g). 
Note that, when N, =O, there exists at least one absorbing boundary 
point of X for F and in fact we order the critical points and the critical 
values of the mapping F. In this case we admit small perturbations letting 
the ordering of the critical points and critical values go unchanged. 
For any kE N u {0} and every mapping gE UJE~), we denote by 
N(D,(g)) the number of disjoint components of the set Dk(g), and we 
write Dk( g) = U {D,;,(g); 1 5 i 5 N(D,( g))}. It is no restriction to assume 
that if XE Bd(D,,,(g)), y6 Bd(DkQi+ ,(g)) then x< y, for all i, 1 S ii 
WD,(g)) - 1, k E N u (0). 
Recall that Crit(F) c U (D,(F); 0 5 k 5 m}. Assume that Ed, 0 -CE~ 5 Ed, 
has been chosen such that gE U,(E,) implies that the ordering of the set 
Crit(g) u O,(g) u U { Bd(D,(g)); 0 5 k 2 m} is similar to the ordering of 
the points of the set Crit(F) u Q,(F) u U (Bd(D,(F)); 0 5 k 5 WI}. 
From now on let gE UF(a4) be fixed. First, we will prove that g is an 
expanding map on A,(g). Let C, > 0 and K> 1 be constants satisfying 
/(g”)’ (x)1 2 C, . K” for all x E Q,(g) and for each n E N, because g is 
expanding on fin,(g). Assume that R E fV for which l(gR)’ (x)1 > 1 for all 
x E Q,( g). We denote by U an open neighbourhood of Q,( g) in X such that 
I( gR)’ (x)1 > 1 for all x E U. The union of the components of the open set 
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u {g-“(W; rift N u (0)) . 1s an open cover covering the compact set 
A,(g). We obtain that the set A,(g) is included in U {g-“(U); Osngt) 
for some t E N. 
Let Y be a compact subset of the set U { g-“(U); 0 5 n 5 t > such that ( 1) 
A,(gjc Vc Yand (2) Crit(g)n V=Qr. We write r=min{/g’(x)j; XE V}, 
and K= [min{ I(gR)’ (x)1; XE P’}]““. Observe that R> 1. Then, for all 
XE V, we have ](g”)‘(x)lzCzp for each HEN, where Cz= [r/R]‘. 
We conclude: g is an expanding map on A ,(g). We define d1 : 
Crit(F)uQJF)-+Crit(g)uQ,(g) by dl(c,(F))=ci(g) for all 1 sis 
L + N,. Obviously the following result holds: 
6-2. q5, monotonically increasing homeomorphism such that 
4, OFI Cnt(F)v52,(F) = gl Cnt(g) “P,(R) CQI. 
Similar to 3-9 one obtains: there exist homomorphisms $F: A,(F) -+ C, 
and $p: A,(g) -+ Z, such that the following diagram commutes: 
6-3. &: A,(F) + A,(g) is a monotonically increasing homeo- 
morphism, such that q& 0 FI A,cFj = glAz,g, 0 &. 
For integer k, 1 5 k 5 m, we define a monotonically increasing mapping 
$k : Dk( F) + Dk( g) which satisfies the following properties: 
6) $kW(~k;i(F))) c J+Wk;,(g)), 1 5 i5 Wok. 
(ii) $,Jx) = q5r(x) for xED,(F) n (Crit(F) u Q,(F)). 
(iii) +k le: B + Dk(g) is linear for every component B of the set 
D,(F)\{Crit(F)uQ,(F)). 
For integer k, k > m we define a monotonically increasing mapping $k : 
D,(F) -+ D,(g) such that for 1 5 is N(D,(F)) the following conditions 
hold: 
6) $k(Bd(Dk;itF)) c Bd(Dk,i(g)). 
(ii) 9 I : Dk.i(F) + Dk.;(g) is linear. k Dr.,(P) . 
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We have the following result: 
6-4. Let k be any nonnegative integer. Then: 
(i) I,II~: D,(F) -+ Dk(g) is a monotonically increasing homeo- 
morphism; 
(ii) lc/k ~FIDkcFj = glokcn, 01c/~; 
(iii) $k(~) = 4,(x) for XE Ok(F) n Crit(F) u Q,(F)); 
(iv) $,Jx) = &(x) for XE Bd(D,(F)) n A,(F). 
Since X = Ukr_ ,, D,(F) u A ,(F) we get by using Results 6-3 and 6-4 the 
property: The mapping $: X-+ X defined by 
Icltxl = i 
$k(X) for x E D,(F) 
d*(x) for xeA,(F) 
is a homeomorphism and $ o F = go +!I. 
We have obtained: g is topologically conjugate with the mapping F, 
The conclusion now is that F is C*-structurally stable. 1 
7. MAPS WITH NONPOSITIVE SCHWARZIAN DERIVATIVE 
Singer [20] introduced the Schwarzian derivative for real valued 
mappings. For any mapping f, of class C3, the Schwarzian derivative of 
f at a point x with f’(x) ~0, denoted by S’(x), is defined by 
(f “‘(x))l(f’(x)) - 2 C(f “(x))l(f ‘(x))12. 
Singer’s main result can be formulated as follows (see also Misiurewicz 
[ 141): “Let f be any mapping, of class C3, from the unit interval [0, l] 
into itself for which the following conditions hold: (1) f has finitely many 
critical points, and (2) f has a negative Schwarzian derivative. Assume that 
,f has an asymptotically stable periodic point ‘q, with primitive period p, 
such that the direct domain of attraction of fi(q), 0 5 i 5 p - 1, does not 
contain a boundary point of the unit interval. Then there is a critical point 
c off such that the orbit of c converges to the orbit of q.” 
Consequently, for the well-studied one-parameter family of maps {f,} 
with f, defined by f,(x) = ax( 1 -x) on the unit interval and parameter a in 
the interval [l, 41 the conditions (i) ‘f, has an asymptotically stable 
periodic orbit” and (ii) “the orbit of the critical point off, converges to an 
asymptotically stable periodic orbit off,” are equivalent. 
Now we will state our result. 
THEOREM E. Let f be a chaotic C3-mapping from a nontrivial interval X 
into itself: Assume that f satisfies the following conditions: 
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(1) f has a nonpositive Schwarzian derivative; 
(2) the set A,(f) of points, whose orbits do not converge to an 
asymptotically stable periodic orbit off (or to a subset of the possible present 
absorbing boundary of X for f ), has the following properties: (a) A I is a 
compact set and it is contained in the interior of X, (b) A,(f) does not 
contain critical points of .fi 
(3) f is contracting on the set of asymptotically stable periodic points 
for A provided that this set is nonempty; 
(4) the fixed points of ,f 2 are isolated. 
Then we have: f is an Axiom A mapping. 
Proof. Let f E C’(X, X) satisfy the conditions of the theorem. For each 
k E N v { 0} we define the sets A, and Dk as under Section 4. 
STEP 1. The set consisting of the asymptotically stable periodic points 
for f and the absorbing boundary points of X for f is finite. 
Proof: Apply 6-2 in [ 181. 1 
STEP 2. There exists a nonnegative integer P such that for each k E N 
we have: A, + p is compact and Crit( f”) n Ak + p = 0. 
Prooj Apply 6-4 in [ 181. 1 
STEP 3. There exists a positive integer L such that I(fL)’ (x)1 > 1 for all 
x~A,+m with P as under Step 2. 
Proof: Apply 6-7 in [ 181. 1 
STEP 4. The map f is expanding on A,( f ). 
Proof Apply 6-8 and 4-14 in [18]. i 
STEP 5. The map f is an Axiom A mapping. 
Proof. Define Q,(f)=Q(f)nD,(f) and Q,(f)=Q(f)nA,(f). [ 
Evidently, the sets Q,(f) and Q,(f) are positively f-invariant sets. By 
assumption, we have f is contracting on Q,( f ), provided that this set is 
nonempty, because Q,(f) is equal to the set of asymptotically stable 
periodic points for f: From Step 4 it follows that f is expanding on sZ,(f ). 
Hence, f satisfies condition (a) of 3-l. Similar to 3-9 we obtain that the 
restriction off to Q,(f) is topologically conjugate with a one-sided shift of 
finite type; consequently the periodic points for f restricted to Q,(f) are 
dense in a,( f ). Hence, the periodic points for f are dense in Q(f ), since 
Q,(f) is equal to the set of asymptotically stable periodic points for f: 1 
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COROLLARY. Assume that f: R! -+ [w is a chaotic polynomial mapping 
satisfying the conditions: (1) the orbit of each critical point off converges to 
an asymptotically stable periodic orbit off or to the absorbing boundary; (2) 
each critical point off is real; (3) f is contracting on the set of asymptotically 
stable periodic points for f, provided that this set is nonempty. Then we have: 
f is a nonsingular Axiom A map. 
Proof: Let f: [w + iw be a polynomial mapping of degree N + 1 for some 
NE N, such that the conditions (l), (2), and (3) hold. Then f’(x) = 
y I-I,“= 1 (x - c,), with y is a nonzero real number and all the numbers ck are 
real. 
For each XE [w\{c,; 1 5 k 5 N} we have (see also Collet and Eckmann 
[2]): f”‘(x)/f’(x) - 2 [f “(x)/f’(x)12 ~0. We obtain that f satisfies con- 
ditions (l), (2), and (3) of Theorem E. Hence, f is an Axiom A map. We 
conclude that f is a nonsingular Axiom A map, because f is finite-to- 
one. 1 
Remark. Let fe C3(X, X) satisfy the conditions of Theorem E. Then: 
( 1) almost every point in X is asymptotically periodic provided that f (X) is 
bounded; (2) the nonwandering set of f decomposes into finitely many 
basic sets; (3) f is Cl-Q-stable; and (4) f is C2-structurally stable provided 
that some additional conditions are satisfied. 
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